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1This paper presents efficient procedures to calculate the inverse and the determinant
of the covariance matrix of a stationary vector time series. If normal errors are assumed,
these calculations are required to evaluate the unconditional likelihood function. It is also
shown how matrices derived from these procedures can be used to simulate data for any
vector covariance stationary model.

Three related results are presented. The first is a recursion to calculate the forward
and backward partial correlation coefficients the ordinary least squares (OLS) coefficients
for a stationary vector time series. This recursion makes it possible to quickly calculate the
partial correlation coefficients. Given these coefficients the mean square error from the best
linear prediction given n lagged valued can be derived.

The second result used either the forward the backward partial correlation coefficients
and the variances of the prediction errors to calculate the inverse and the determinant of
the covariance matrix of a sample from the time series. This result is motivated by the
inversion of the covariance matrix of a stationary time series model, however this procedure
can be used to calculate the inverse of any nonsingular block Toeplitz matrix. The number
of calculations required to invert an arbitrary kN X kN matrix grows at the rate (kN)3.
For this procedure the calculations required to invert the block Toeplitz matrix grows at
the rate k3N2.

The first and second results can be viewed more generally as a procedure to decompose
a Block Toeplitz matrix. The autocovariances in the first result can be replaced with the

corresponding elements of the first block row or block column of any (nonsingular) block

1This is an extension of Chapter 4 of Sowell(1986). Several mistakes in that earlier work have been
corrected. I would like to thank John Geweke and Tony Smith for helpful suggestions and comments.
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Toeplitz matrix. The matrices derived by the recursion in the first result have natural
interpretations in a stationary time series framework, but in general can be used in the
second result without this interpretation.

The final result concerns the simulation of data for a time series model. The Cholesky
decomposition of the inverse of the covariance matrix can also be formed with the partial
correlation coefficients and variances of the prediction errors. If this is written CC' =
E(n+1)"! and Upya ~ (0, Ix(nt1)) then (C') " Unyy will be normally distributed with zero
mean and covariance X{n + 1). This simulation procedure is not an approximation but is
exact, i.e. the simulated sample was the same theoretical moments as the model. If the
time series model under consideration does not have normal errors, the simulation is exact
in the sense that the simulated data and the time series will have the same spectral density,
i.e. they will be identical up to the second moments.

The results presented are not original. However, proofs of all the procedures have not
been published. The proofs are original and show how and why the procedures work. The
first and second result were first presented in the statistical literature by Peter Whittle

(1963) and has been used by several econometricians in particular see Geweke (1986).



1 Notation

Let z; be a k X 1 covariance stationary vector time series. The t— s autocovariance, E(z:2}),

will be denoted (¢ — s); note y(s — t) = y(¢t — s)'. The following notation will be used?

Xn)=[g_, 2, ... zi_, I

X("):[a:;+1 Tygo +or Tiyn I
7(0) 1) ... vr-1)
(-1) 0 ... y(n-2)
Bxexe) =sw=| 0 TR
| Y(1-n) (2-n) ... 4(0)
70) (-1 ... H1-n)
1 0 een 2—-n
B[R (m) K (n] = £(n) = 7(. ) 7(. ) | ol | ) ’
| (n—-1) y(n-2) ... 0) |
7(=1)
7(~2)

E[X(n)zy] = I'(n) =

(=7 |

2Tt is customary in time series analysis to stack a data in a column vector with the latest observation at
the top and the most recent at the bottom. If this conventions is used the data vector corresponds to X(n)
in the notation in this paper and the covariance matrix is X(n).



and
7(1)

] _ @)
B[X(n)e) = Tm) = | |

| (n) |

Let J; denote the k£ X k matrix with ones along the minor diagonal (bottom left corner
to top right corner) and zeros in all other positions. Premultiplying with the matrix Ji
reverses the order of the elements of a column vector. If I,, denotes the n X n identity

matrix, then £(n) and X(n) are related by

S(n) = (Jn ® I)E(n)(Ja ® Ir) ey

where @ denotes the Kronecker product. Using this, £(n)~! can be calculated in two ways,

either directly or by first calculating $(n)~! and then using
E(n) ™" = (Jn ® I)E(n) 7 (Jn ® L)

The matrix (J, ® Ix) will be denoted jn

The partitioned inverse formula
-1
Ajr Axg ATMI + AeE71An A7) — AT A EY -
Ay Ags —E—1A21 A;ll E-1

where F = Agg — AglAi'llAlg, will be used.

2 Calculation of the Coeflicients and Variances

This section will be concerned with calculating the forward and backward partial correlation

coeflicients for the vector time series z;. Thi backward partial correlation coefficients are



defined as the coefficients which minimize the mean square error from the linear prediction
of z; given n lagged values of z;. Similarly, the forward partial correlation coefficients are
defined as the coefficients which minimize the mean square error from the linear prediction
of z; given n future values of z;.

2.1 Backward partial correlations and variances

One way to think of the backward partial correlation coefficients is as the coefficients of the

projection of z; on n lagged values. This is equivalent to the solution of the problem
min  Elec - a(n) X()]fa - o(n) X (n)]
aln

where a(n) = [ a(n,1) a(n,2) ... a(n,n) ]. The values of the coefficients a(n) which

minimize the prediction variance, which will be denoted A(n), are
A(n) = (n)71T(n). (3)
The minimum value of the prediction variance will be denoted v(n) and can be written
v(n) = 7(0) = I(n)T(n) 7' T(n) = 7(0) — A(n)'T(n). (4)
This variance matrix is the minimum in the sense that the variance matrix associated with
any other linear predictor will differ from »(n) by a positive definite matrix.
2.2 Forward partial correlations and variances

Similarly the projection of z; on n future values can be though of solving the problem

min  Ele - a(w) X(n)]fee - &(n) ().
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The values of the coefficients &(n) which minimize the prediction variance, which will be
denoted A(n), are

A(n) = E(n)"1T(n). (5)

The minimum value of the prediction variance will be denoted #(n) and written
9(n) = 7(0) — T(n)'E(n)~'T(n) = ¥(0) — A(n)'T(n). (6)

2.3 The recursion

The coefficients associated with z: projected on n lagged values, A(n), will be calculated
simultaneously with the coefficients associated with the projection of z; on n future values,
A(n). The n coefficients can be calculated recursively from the n—1 coefficients. Expanding

equation (3) gives

[ 7
A(n +1,1)
A(n+1,2Y -1
Aln+1) = | . ) _ S(n)  TuT(n) I'(n)
| I_‘(Tb)'jn 7(0) v(—n —1)
A(n+1,n)
I A(n+1,n+ 1) |

using the partitioned inverse formula and equations (5) and (6) this can be written

(n) + T A(n)o(n) 1T (n) T E(n)™t  —TnA(n)o(n)"? I'(n)
—3(n) ' T(n) T B(n)" 5(n)~" 7(—n —1)
It follows that

A(n+1,m+ 1) = 5(n) ™ [y(=n - 1) = T(n)' T A(n)] (M)



and

A(n +1,1)

A(n +1,2) _
(+1.2) = A(n) — JnA(n)A(n + 1,n + 1) (8)

A(n+ 1,nY
This shows how to calculated A(n + 1,7 + 1) given A(n) and %(n). Using A(n), A(n) and
A(n + 1,n + 1) it is possible to obtain A(n + 1,%) for k = 1,2,...,n. Once A(n + 1) is
calculated, v(n + 1) follows by equation (4).

The same argument implies the coefficients of A(n + 1,n + 1) can be derived by the

equations
An+1,n+ 1) = v(n)" ! [y(n 4 1) = T(n) T, A(n)) (9)
and _ -
A(n +1,1)
A(n+1,2) _ _
= A(n) = T, A(n)A(n + 1,n + 1) (10)
i A(n+1,nY ]

These formulas can be summarized in the following recursion

Result 1 Letv(0) = #(0) = v(0), D(1) = (1) and D(1) = v(-1), then forn = 1,2,...,T—
1

D(n) = y(n) = 3 A(n — 1, — }(5)
1

B(n) = (=n) — 3" A(n ~ 1,1 = )r(~)
7=1

A(n,n) = D(n)p(n —1)7!
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A(n,n) = D(n)o(n — 1)1
and fork =1,2,...,n—1
A(n,k) = A(n — 1,k) — A(n,n)A(n — 1,n — k)
A(n, k) = A(n — 1,k) — A(n,n)A(n — 1,n — k)

o(n) = 7(0) = 3_ A(n, 5)y(~5)
j=1
and
3(n) = 7(0) = 3_ A(n, 5)7(5)-
i=1
3 Calculating The Inverse and Determinant of a Block Toeplitz

Matrix

Using the partitioned inverse formula, 3(n +1)~! can be written in terms of A(n), #(n) and

E(n)
1 B(n)™t + TnA(n)5(n) T A(Y T ~TnA(n)o(n) "
—5(n)"A(n) T 3(n)1
n -1
_ | T ”
0 0
0 — g A(ms(m) 0 0
+
0 1—)(”)—1/2 __,[—J(n)—-I/QA(n)ljn 5(7&)_1/2




Now, for j = 0,1,...,n, define the (n + 1) X (n + 1) partitioned matrix

B(j) =

0 -J;A(HB(G)™VE 0
0 o(j)~ /2 0

0 0 0

where A(0) = Ir. Using this notation and repeated applications of equation (11), the inverse

of the covariance matrix can be written

T(n+1)"t = iB(j)B(j)'

§=0

Result 2 Because B(§)B(i) = 0 if j # i, the inverse of the covariance matriz can be

written

where

,Bn—{-l =

S(n+ 1)l= (i B(j)) (Zn: ﬁ(i)) ‘= Bn+1ré;1+1
=0 =0

0 Iy

0

I —A(1,1Y -A@22)Y ...

The same procedure applied to £(n + 1)~! shows that

where

ﬁn+1 =

I —A(1,1Y
0 I
0

~A(n,nY %(0)
—A(2,1) ~A(n,n — 1Y 0
0 Iy 0
S(n+1)7" = Brsafrga
—A(2,2) —A(n,nY 2(0)
—A(2,1) —A(n,n — 1Y 0
0 I 0

0

(1)

0

(1)

(=]

o=

o]

4 -1/2

q-1/2

v(n)




The determinant of X(n + 1) is obtained from either 8,41 or Br+1 by their triangular form

S(n+ 1) = [T WG = TT 1867
i=0 7=0

4 Data Simulation
From equation (1) it is clear that
(n)~! = Ba5n

and that

2(n) = (8,)7' ;"

hence, to simulate data for X (n) it is necessary to calculate (3,)~!. The simulated data will

be achieved by starting with a column vector of n multivariate iid observations, U, ~ (0, Ir,).

The simulated sample Z, = (83,)1U, is then created. Using the partitioned inverse formula

this can be written

N 0

Zn = (ﬁ;)—.lUn = "
—B(n —1)"YV2A(n - 1) Ty v(n—1)"12
(Br_)™t 0 Uﬁ—l

A(n = 1Y Foca(Br_1)™" W(n — 1)1/2 Un

-

~1

The last equation shows how z, can be evaluated from Z,1 by the formula

zn = A(n = 1Y Tnet Zney + 3(n — 1) 0,

Repeated applications of this proves the following recursive procedure to simulated data.
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Result 3 A synthetic sample for X(n), which will be denoted Z,, can be created recursively

by defining 2, = 5(0)1/2u; and for t=2,3,. ..
fom
Zn =

2

At — 1,t — §)z; + B(t — DY uy.

g

||
[y

Similarly, a sample Z, = (8.)" U, can be calculated recursively, define 7; = v(0)/?uy and
fort=2,3,...
-1

Eo= Y A(t— 1,6 — )2 + v(t — 1),

§=1

by construction Z, and JnZ, are distributed (0,%(n)).

5 The Univariate Model

The covariance matrix %(n) and £(n), for all %, are related by
Z(n) = JnZ(n) Tn.

This implies a major simplification for the univariate model. If £ = 1, then X(n) =
JnE(n)Tn = E(n), because in the univariate model 7(n) = v(n). For the univariate model,
the projection of z; on lagged valued is equivalent to the projection on future values, this
implies A(n) = A(n). This simplifies the recursive procedure to calculate the coefficients

and variances to

(r) —T(r -1y Tn_14(n — 1)

A(n,n) =

- - v(n—1)

A(n,1)

A(n,2) =A(n-1) - A(n,n)Tp-1A(n — 1)
i A(n,n) ]
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and
v(n) = 7(0) — A(n)T(n)

The values of A(n) and v(n) can be used in the formulas above to calculate the inverse

and determinant of the covariance matrix and to simulate data.
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