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I. INTRODUCTION

Many economic time series appear to satisfy conditions which are
inconsistent with the assumptions of standard econometric models. This has
been the conclusion of recent papers by Gourieroux, Maurel, and Monfort {1987}
(multivariate) and Sowell (1989} (univariate). Both papers consider a linear
regression model where the underlying series are fractionally integrated. The
results show that familiar asymptotic distributions are not achieved when
series are fractionally integrated. These asymptotic results underscore the
importance of being able to estimate fractionally integrated time series
medels. The current paper derives the likelihoed funection for fractionally
integrated vector time series models. This aliows the estimation of the
parameters of the model by unconditicnal maximum likelihood. Previous
estimation procedures for fractionally integrated models are reviewed and
their limitations and deficiencies are noted.

Support for the idea that aggregate macroeconomic data are generated from
fractionally integrated models exists. On a theoretical level, Granger (1980)
showed that the aggregate, of a particular class of individual AR(1) models,
follows a fractionally integrated process. There is also a large collection
of applied studies that present evidence that many economic time series follow
fractionally integrated models including: consumer price index, whole sale
price index (Geweke and Porter-Hudak (1982)); stock market returns (Greene and
Fielitz (1977)); exchange rates (Booth et al {1982)); daily futures prices for
soybeans, soybean oil and soybean meal (Helms et al (1984)); yield on short
term treasury btills {Shea (1987)). These studies were able to estimate a
fractional differencing parameter for the given time series. Unfortunately,
the other parameters of the model were not accurately estimated. The

inability to accurately estimate all the parameters in a fracticrally



integrated model is a problem common to several estimation techniques, which
is alleviated by maximum likelihood.

The next section is an introduction to fractionally integrated models.
Section three derives the likelihood function for a fractionally integrated
vector time series when the errors are normal. Special case of the general
model are presented in the fourth section, The fifth section outlines the
maximization of the likelihood function to obtain maximum likelihood estimates
of all the parameters of the model. Particular attention is given to
efficient and recursive procedures. The final section contains a summary and

notes directions for future research,

II1. AN INTRODUCTION TQ FRACTIONAL MODELS

The general differencing operator can be defined for d > -1/2 by

(1-L)d - (1_L)d-[d+1/2](1_L)[d+1/2]

(1}
where [£] is the greatest integer function. In the general definition of
(1—L)d, the first exponent is between -1/2 and 1/2, while the second exponent
is an integer. For d s [-1/2,1/2], the fractional difference operator (1-

L)d is defined by its Maclaurin series (Binomial Theorem) to be

(-0 = T () (-nid (2)

FldeD) (=13 r{-d+])
d=j+1)T{j+1) ~ r{-ad)r(j+1

where [?](-1)j =

Because 1/T(f) 1is bounded and has roots at the nonpositive integers (see
Gradshteyn and Ryzhik (1980) notes to equation {8.310.2)) the sum defining {!-

L)d has a finite number of nonzero terms for d « [-1/2,1/2] and d = 0.



Extending the standard notation 2.7I(d) could also Dbe written
zt‘AHIMA(p,d,q) where p and q are finite nonnegative integers and the roots of
the AR and MA polynomials are outside the unit cirecle. The characteristics of
this univariate model are presented in Granger and Joyeux (1980), Hosking
(1981) and Sowell (1986).

The multivariate generalization would be z, a kx1 vector time series such

that

G(L)D(L)Uzt=¢(L)st {3)

where o0{L) and @(L) are kxk matrix polynomials in the lag operator L. It
will be assumed that D(L):Dmc;[u-L)d’, (1-L)d2,...,(1-L)dk], o(L) is of
order p, ¢(L) 1is of order g, 0(0)=®(O)=Ik, the roots of |e(g)}| and

|e(g)| are outside the unit circle and et‘IIDNk(O,Z). The constant kxk

matrix V is nonsingular. The simple form of the differencing matrix, D(L),

means that the characteristics of the fractional Zy vector series stated below

can be obtained by the univariate proofs applied element by element. In
particular:
a) z, is stationary if di<1/2 for i=1,2,...,k.

b) z, possess an invertible moving average representation if di>-1/2.

¢) If the spectral density of 2z, 1is denoted fz(k) then as A0

-(d.+d.)
fz(x)‘[zijx 1 ] where each Kij is a constant and is independent
of di and dj'
d) If the autocovariances of z_ are dencted {(s)=E[x x '], then as
d.+d . -1 t z tit-s
S+, Yz(s)”[hijs o ], where each hiJ is a constant and depend on d;
and d;.

J



The explicit forms of the spectral density and the autocovariances function
for a stationary fractionally integrated vector time series are presented
below.

The distinguishing characteristic of a fractionally integrated time
series is 1ts persistence or antipersistence. These characteristics can be
seen from the shape of the diagonal elements (i,e. izj) of the spectral
density and the diagenal elements of the autocovariance functions. If
0<di<1/2 the process 1is characterized by strong positive dependency between
distant observations. This is noted in the frequency domain by the spectral
density- increasing to an infinite value at the zero frequency. In the time
domain the persistence is indicated by the slow decline of the autocovariances
as the distance between observations increases.

If '1/2<di<0 the process is characterized by quick dampening and negative
dependency between  observations. In the frequency domain, this
antipersistence is indicated by the rapid decline of the spectral density to
zero, as the frequency approaches zero. The time domain indicates the

antipersistence by the rapid decline of the autocovariances.

111. PREVIQUS ESTIMATION TECHNIQUES

Several estimation procedure for fractionally integrated time series nave
been proposed. Unfortunately two general problems have plagued these
estimatjon techniques, first is the inability to handle multivariate data and
the second problem 1is that the AR and MA parameters are typically not
accurately recovered. These two problems are alleviated in the current
estimation procedure by deriving the unconditional likelihood function.
Before deriving the likelihood function, the previous estimation techniques

Wwill be reviewed and their inability to estimate the general model considered



in this paper is noted. Readers not interested in the limitations and
problems of previous estimation procedures, can skip the remainder to this
section.

All previous estimation procedures allow for only one differencing
parameter and all but one are univariate procedures. These procedures will be
considered in two groups the two-step procedures and the one-step
procedures. The first estimation procedures were the two-step procedures. In
the first step the differencing parameter is estimated and in the second step
the other parameters cf the model were estimated. These steps may be repeated
until the parameters converge. The twWo-step procedures only differ in the
first step. All the two-step procedures then use the same procedure to
transform the observed series to obtain a series that (hopefully) follows an
ARMA(p,q) model. Once this transformed series is obtained the remaining
parameters of the model are estimated by standard time series procedures.

The first step of estimating the differencing parameter can be carried
out in at least four ways. The first procedure uses the estimated rescaled
range exponent, H (see MclLeod and Hipel (1978) for a survey of this
statistic). The differencing parameter can then be identified as é:é-c1/2>.
This procedure exploits the fact that fractionally integrated time series are
asymptotically self similar. The next ¢wo procedures exploit the special
shape of the spectral density of a fractionally integrated time series. In
Janacek (1982) the differencing parameter is written as a function cf the
Fourier coefficients of the log spectral density. The differencing parameter
estimate is obtained by estimating these Fourier coefficients by numerical
integration of the log periodogram. An alternative procedure, presented in
Geweke and Porter-Hudak (1983), exploits the behavior of the spectral density

around 0. Using freguencies near zero, a univariate regression of the log



periodogram on the log of the frequencies is performed. The slope estimate
from this simple univariate regression is an estimate of the differencing
parameter. The fourth procedure presented 1is Shea (1987} is maximum
likelihood estimation of the regression model used in Geweke and Porter-Hudak.

The above procedures give an estimate of the single differencing
parameter. The other parameters of the model must still be recovered. The
estimated differencing parameter is used to transform the observed series into
a series that follows an ARMA(p,q) model. If the model of the observed series
2y, 1is 0(L)(1-L)dzt:¢(L)st the estimated differencing parameter 5 is used
to obtain the series ut:(1-L)dzt fhich will follow the model

G(L)utzﬁ{L)et. & problem is that (1—L)d is defined as an infinite lag
polynomial, hence the series u; can only be obtained when there exists and
infinite realization of z. The result of this problem is that the
transformation cannot be completely performed. Attempts to transform the
series to the ARMA(p,q) model are only approximations.

Hosking (1981) and Geweke and Porter-Hudak (1983) both outline procedures
to transform the observed series to leave only the parameters of the ARMA{p,q)
process. The procedure presented in Hosking (1981) is a time domain
transformation and the procedure presented in Geweke and Porter-Hudak 1is a
frequency domain transformation. The two procedures appear to differ but are
actually eguivalent (shown below).

In the time domain the AR representation is used to transform the
)8 it is

observed series. If ut~ARMA and {1-L)dzt = u, then by expanding (3-L

possible to write

5 - § r{-d+1) _ _
€7 L TGN ey



This suggests after obtaining d an approximation to an ARMA can be obtained

by using the truncated AR model, i.e use d for d in the above model and set

zt—j:O for t-} outside of the sample.

An alternative to the time domain transformation is the frequency domain
approach. This approach is rather simple; calculate the Fourier transform of
the observed series, multiply by the Fourier transform of the fractlonal
differencing operator based on 8, and then obtain the transformed series by
calculating the inverse Fourier transform. It is hoped that the effect of
this transformation is a series that follows the ARMA(p,q) model of the u,
process. The actual effect of the transformation is identical to the time
domain truncated AR transformation.

For any onesided operator these two approaches are equivalent. To see
this simply calculate the inverse Fourier transform of the product of the
Fourier transform of the operator E ¢jLJ and the Fourier transform of the

j=0
sample X,,X5, ... Xp!

= T
~ 1 or2n isa -ija ~itx

= 5= jp € 2 %, € 2 X e dx
s ¢Zmn -0 j=0 J £= 1 t

n
I'\)|—-
—
O
=
18]
[
7]
F
~
"ne-149
—
=

For the sample s = 1,2,...,T this is simply the truncated polynomial

-

3 S=

L-:15 - §1¢s—txt - jEO q3_1}(5-.]”
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The preoblem is for any finite realization: {ignoring any bias in d

which only further complicates the estimation of the ARMA parameters)

o, = u, - ) M)_th
=t r{-d)r{i+1)

- u - § Fg-a+t+k)
=0 T(-d)r(t+k+1)

After applying the truncated AR, each transformed variable is the sum of an
element from an ARMA process and a linear combination of an infinite number of
uncbserved terms. The transformed series will not have the ARMA model of the
U, series.

As long as d is consistently estimated in the first step then the two-

step estimates are all consistent. For all finite realizations these

procedures cause residual autocorrelation.

Two alternatives to the two-step procedures have been proposed, one in Li
and McLeod (1986) and the other in Fox and Tagqu (1986). In Li and Mcleod
(1986) the procedure suggested is to truncate the infinite sum that defines
(1-L)'d and use typical ARMA estimation procedures. Truncating the infinite
series is equivalent to the two-step procedure proposed by Hosking (1981)
which as argued above leads to misleading estimates.

The procedure proposed in Fox and Taqqu {1986) is an approximation to the
maximization of the Gaussian likelihood function and simultaneously estimates
all the parameters of the univariate model. The estimates are consistent,
asymptotically normal and converge at the familiar rate of root T. However,
as noted in Dahlhaus (1988) the small sample behavior of this type of
estimator may be poor, Dahlhaus (1988) concludes that exact maximum

likelihood is optimal.
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IV. THE LIKELIHOOD FUNCTION

Consider a kx1 stationary fractionally integrated vector time series z,

with differencing operators satisfy |d;|<1/2. Let Zy be a kTx1 sample of T

i - ] ' 1 '

observations such that Z,I.-{z,E 2, e 2p ]
orobability density function

and  Z~N .(0,}}, with

-{kT)/2|z|-1/2

o1
£{Zp,]) = (2m) exp(-(1/2)2,']7 27}

This implies a block Toeplitz form for the covariance matrix,

E = [ £{i-3)) ] for i,j=1,2,...,T
KTxkT

where (r):=E[z '] are the autocovariances of 2¢ - The 1likelihood

t%ter
function, for a given sample and model parameterization, can be evaluated once
the covariance matrix is written in terms of the parameters of the model.

The following approach will be used to achieve this parameterization.
First, the model for 2z, 1is written in its moving average representation.

Second, the spectral density function of =z fz(k), is calculated. Finally,

t1

the autocovariance function, I(s), 1is calculated by
i(s) = 2= r2“fz(x)e”‘sdx. (4)

IV.? The General Model

The general model (3) admits different orders of integration of the
different elements in the random vecter z, (i.e. ditdJ for i=j). By

introducing the V matrix the model allows some linear combination(s) of the

elements of z, to be of a different (lower) order of integration than the
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element of 2zZ.. When this occurs the time series 2z, is said to be
cointegrated. If 2y is cointegrated the parameters of the V matrix are the
coefficients of these linear combinations. In the typical case where the z,
vector is not cointegrated V=I . Define the process u, Dby utzD(L)Uzt. The
assumptions about z, imply the vector time series u, is generated by the
ARMA(p,qg) process G(L)utzw(L)at.

1V.2 The Spectral Density of ut

The Wold representation of u, is
~ =1 _ B(L)
ug = o(L) Q(L)Et = A € -
B(L) is a matrix polynomial of order M < ((k-1)p) + g; and A(L) is a scalar

polynomial of order H < kp. The roots of A(g) are outside the unit

circle, so A(E) can be written

H
Aalg) = 1 (1-°n5)—1' where |pn| < 1 for n=1,2,...,H.
n=1

The spectral density of u,, denoted fu(l), is

-1, H
fu(k) = B(w)ZB(w_}) = B(m)ZB(w-1)' it (T-Qnm)-1(1-a m-1)—W
Alwlalw ) n=1 n
where w = e-lk. Assuming that the roots of A{g) are all unique-it is

possible to use the partial fraction decomposition of the product, to write

-1 H ;
fu(k) = B(w)IB{w }' z w T _
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Note B(w) 1is of finite order therefore each element of B(m)EB(w—1)'
can be written as a finite polynomial in w, with both positive and negative
values of the exponents. So the spectral density of u. can be written with

representative (i,]}) element notation as fu(l) = [fu(x)ij] where

M e oy DiH 1
fu(k)i,\j = -El lbi’j(i)w m}::1w Cm (1_me) - (1‘0_1m} (9)
m

If the (i,j) element of B(w) is denoted

and the (i,j) element of I is o, then v, ,(¢) has the form

i,
K k min[M,M-¢]

(8) = 7}

(s) B t(s—ﬂ,).
h=1 t=1 s=max(0,1} !

Yi, %e Bin j
The analysis thus far applies to general vector ARMA{p.q) meodels, 1.e. the
spectral density of every wide sense stationary vector ARMA{p,q} model can be

written in the form of eguation (5).

IV.3 The Spectral Density of z¢

The moving average representation of vz, is:  zy = V'1D(L)'1u+. This

1

means that the spectral density of z, can be written

£ = v"D(u)‘1fu(x)D(w'1)“v‘*i

Expanding and using the spectral density of U s the spectral density o

vy
N
(84
fe]
)
=}

be written with representative (i,j) element notation as fZ(A) = [F {xy, ]

[
s
(3

where
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kK ok 4y jr -4y -1,7%
fz(x)i,j = nzj r§1 vy fu(l)n’r(1—m) (1-w" )
where the (i,]) element of v=' is denoted v!J. This rich structure is only a

result of having the general matrix V in the model. In the case af U:Ik the

spectral density of z, with a representative glement (i,j) is simply
-d. -d.

- i -1 J
fz(x)i,j = fu(A)i,J(1-w) (1-w ) .

Upon substituting in the general functional form for fu(k)i [ the (i,]3)

'

element of fz(l) becomes

M H K P - .
§ooY vitIn (1-w) M1-0™h) TSR

g=-M m=1 n=1 r=1

1 1K

(6}
This is the general form of an (i,j) element of the spectral density for a kx1
vector time series, which is generated by a fractionai ARMA(p,q) model.

IV.4 The Autocovariance of zg

The s autocovariance of 2z, Will be calculated by using (4). From the

structure of the (i,j) element of the spectral density function this reduces

to the evaluation of the integral1 {recall w=e-il)
2H .
1 2w o 1 -1k, -W ix,-v_-ixh
57 Jo —ix, o, (e T e ) e
{1-0e”"")  {i-p e 77}

This integral will be denoted C{w,v,h,0). The (i,j) element of the s

autocovariance can be written
H k K

M . .
in_jr
D R v . (8) ;mC(dn,dr,H+£-s,om) (7
2=-M m=1 n=1 r=1 '
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Because i and j only enter in the V parameters, each element cf the sth
autocovariance is simply a linear combination of the same values of
C(dn,dr,h,pm). This allows much quicker evaluation of the autocovariances,
then just calculating each element term by term.
If p=0, the partial fraction decomposition need not be considered and

the autocovariances have the form

E Z Vinvjrw
g=-g n=1 r=1

~

r{1-d -d )r{d +s-%)
(E} n r r .
n,r r{dr)r(i-dr)r(z-dn-s+z)

which can be easily evaluated to cobtain the autocovariances.

1V.5 Nonintegral Form of C{w,v,h,p)

The general autocovariances (p = 0) have been written in terms of the
function C(w,v,h,p), and this function has been defined as an integral. To
calculate the autocovariances an alternative formula for the function
C(w,v,h,r), which is easier to evaluate will be derived. Note that the
variable h can take on any integer value, p can be any complex number in the

unit cirecle, while w and v are each restricted to real wvalues on the open

interval (-1/2,1/2). Using geometric series expansions C{w,v,h,p} can be
- Wwritten
ozﬁ"i m 12w gmihy g oty =Vo-in(hem) y
m=0 i n 1 I2n -1A (1_eix)-ve-ik(h-n)dl‘

The interchange of the sum and 1ntegral is justified in APPENDIX I. The

problem is reduced to the following evaluation

1 I2?1_ -ix -w(1_eix)-veilhd T{1-w=-v) (-1}h

T{1-w-h)T{1-v+h)
which is shown in APPENDIX II. With this

P
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0m(_”h-'-m

2H ¢
Clw,v,h,0) = T{1-w-v) | o mgo Towanam ) T (=)

(8)

n( T)h-n

* nz1 T{V=w+h-n)T(1-v-h+n)

The advantage of two infinite sums rather than an integral may not be
immediately apparent. The benefit is that the infinite sums are well defined
hypergeometric functions ({see APPENDIX 111), which can be quickly and
accurately approximated to any desired accuracy on a {personal)} computer. In
some case the sums reduce allowing even simpler evaluation of C(w,v,h,p).

All the different forms of C{w,v,h,p) are presented in APPENDIX III.

V. SPECIFIC MODELS

V.1 Cointegration and the Identification of V

Let 61 be the order of differencing that needs to be applied to z,.,
8,
the itM element of the observed series Zy, so that {1-L) tz follows an

it
ARMA(p,q) process where p and q are finite. If some of the si's are equal
then it is possible that linear combinations of the corresponding zit’s
possess lower orders of integration. This is referred to as cointegration and
the coefficients of the linear combinations are called cointegrating
vectors. Previous models of cointegration have typically restricted the
observed series to I{1) and the linear combinations to I(0). Fractional
integrabion extends this model by allowing for several different orders of
integration. The different orders of integration reguires identifying the
cointegrating vectors fer each orders of integration; this will implicitly

identify the matrix V in equation (3). The identification of the

cointegrating vectors requires knowing
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1. the number of different orders of integration, dencted s;
2. the number of linearly independent series for each order of

integration, denoted n; for i=1,2,...,s; and

3. the number of cointegrating vectors for each of the orders of

integration, denoted r, for i=1,2,...,s5-1.

1

It is possible that a cointegrating linear combination of series, which are

I(di), is I(di+z) [where di+£ < di] and is cointegrated with other series

that are I(di+£)’ This implies that the sum of the n; may be greater than

k. Assume the elements of VI, in equation (3) are ordered so that

a, a, a
D{L} = blockdiagonal [(1-L} I ,(1-L) °1 Lean,(1-L) T ]
n,-r N,=r n
T 2 2 S
s-1
where ay > a; > ... > a5, TN_+ 21:1(ni—ri) =k and dy = ... = dn1-r1 = aq,
dnT-r1+1 = ... 0= dn1-r1+n2-r2 = a,, ete. If r; = 0, there 1is no cointegration

in the n; series Wwhich are integrated of order a;.

Identification of V, or eguivalently the identification of the
cointegrating vectors, can be "achieved by the following procedure. Multiply
Z, by Py, a known nonsingular kxk matrix of k{(k-1) zeros and k ones, sc the
elements of P,Z, are arranged with the first n, elements I(a1). The r,
linearly independent cointegrating vectors associated with a, span an r,
dimensional subspace and any vector in that subspace is a cointegrating
vector, Hence, only the subspace span by the cointegrating vectors is

identifiable. This subspace is identified by the free parameters in the kxk

matrix

v, = blockdiagonal [In1-r1,v I 1]
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where v, is an rqxr, matrix with diagonal elements restricted toc one. The

off diagonal element of v, are the identifiable parameters of the

cointegrating vectors associated with a,. Multiply v,P 2. by P,, a known
nonsingular kxk matrix of k(k-1) zeros and k ones, so the elements of P,v,P.Z,
which are I{a2) are in positions (n1-r1+1) to (n1+n2). The subspace span by
the r, cointegrating vector associated with a, is identified by the 'free
parameters in the kxk matrix

v, = blockdiagonal [I ~_ I ]

VIR |
2 17Ty Nymr, 2 k-(ni-rq)-n2

where Vs is an rpxr, matriz with diagonal elements restricted to one. The
of f diagonal element of v, are the identifiable parameters of the
cointegrating vectors assoclated with a,. Applying the same procedure for

each orders of integration with cointegrating vectors identifies the elements

of V by

V=w P ve. WP ij

s-1"5s-1 2 2 1

where Pi are known matrices,

!:Jlockdlagcmal[I(n -r. J-n

Y'on.-r.," 1" k-{n (-1 i

mr)ee s e(ny i-1 iTy 1

-t1)-...-(ni_1

and each vy is an rixr; matrix with diagonal elements restrictez to one.
The off diagonal element of each vy represent the identifiable parameters of

V.
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V.2 The Bivariate Model

The simplest model of cointegration is the bivariate model. Assume
zt:[xt yt]', where X and Y are each integrated of order d, but there exist
(8 1)'GR2 such that [#8 1]Zt’I(d-b) where b>0. The model for Z, can be

written

(1-L)d 0 1 0 X u
0 (1-L)d-b g 1 Vi u

The error process u, :[u1t uzt]' is assumed toc be generated by an ARMA(p,qg)
process that is stationary and possesses an invertible MA representation, i.e.
u, can be written @(L)ut = G(L)et where, the roots of the polynomials

le(g)| and |e{g)| are outside the unit circle, @(0)=0(0)=I, and

0 °?1 U?z
et~IID N2 o 5 5
%12 %22
]
. ) . B{L)
If the Wold representation of u. is written U= A1) St then the 2x2
sth autocovariance can be written
H 2 2 M M
2
I(s) = E CJ 2 E vh z E
j=1 k=1 h=1 n=0 m=0
- ‘ - - -
[[1 8]'[" elB1,k(n)B1,h(m) €(d,d,2p+n-m S’Dj)
+ [1 -8]'[-1 0]B1,k(n)82'h(m) C(d,d—b,2p+n-m-s,oj)

+ [-1 01" ~B]82’k(n)8 {m) C(d-b,d,2p+n-m-s,pj)

1,h
« [-10)' -1 O]Bg'k(n)Be’h(m) C(d-b,d-b,2p+n-m-s,oj)].
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If p=0 the autocovariances will have the form

9 9

n=0 m=C

r{(1=2d)r{d-n+m+s)
r{1-d)r(d)r{1-d+n-m-s)

(11 -e1" (1 -8B, (B, (m)

r{1-2d+b)r{d-b-n+m+s)
r{1-d+b)r{d-b)r{i-d+n-m-5s)

+ [1-01'(-1 0]B, | (n)B, | (m)

2,h

r{1-2d+b) r{(d=-n+m+s)
1-d)}r(d)r{1-d+«b+n-m-s)

+ [—T 0]![‘] —9182,1((”)]3 (m) T

1,h

r{1-2d+2b)r{d-b-n+m+s) l

« [=1 00" [~ 0132,k(n352’h(m) r{1-d+b)T(d-b)T{ I-d+b+n-m-s)

VI. MAXIMIZATION OF THE LIKELIHOOD FUNCTION

The superiority of maximum likelihood estimates for time series models
has been noted in Hillmer and Tiao (1979), Ansley and Newbold (1980) and
Dahlhaus (1988). The consistency and asymptotic normality of maximum
likelihood estimates for the fractional univariate model are proved in Li and
Mcieod (1986).

Using the formulas presented above the likelihood function is easlily
evaluated on a computer. The main parts of the program are:

1. Calculate the Wold representation of the model as a matrix of ratios of
polynomials.

2. Factor the common denominator polynomial of the Wold representation.
3. Caleulate the ci‘s.

J, Calculate tne different C{w,v,h,p) values.

5. Evaluate the covariance matrix.

6. Calculate the Cholesky decomposition and determinant of the inverse.

7. Calculate the log likelihood function value.
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Step 1 can be ignored if the model is parameterized as a Wold
representation. Important savings in time are made by separating steps 4 and
5. Because the same C(w,v,h,p) term appears in several autocovariances, all
the C{(w,v,h,p) terms are calculated and saved in memory then recalled as
needed in step 5. Step Y is relatively quick because, as noted in APPENDIX
111, the C(w,v,h,p} terms can be calculated by a recursive formula. In step
6 a multivariate version of Levinson's algorithm (Sowell (1986)) is used to
recursively calculate the terms of the Cholesky decomposition and determinant
of the inverse. Because Levinson's algorithm is used to obtain the inverse of
the covariance matrix as T grows, the number of. calculations grows at the rate
(kT)2 instead of the typical (kT)3. The likelihood function can be evaluated
with the Cholesky decomposition of the inverse which saves T(T-1)/2 memory
locations. If the log likelihood funetion is maximized by a procedure which
requires derivatives then numerical derivatives must be used hecause the
derivative of T[(x) does not possess a closed form.

To see how the maximum likelihood procedure works in practice, Monte
Carlo simulation was used to compare the estimates from the maximum likelihood
procedure and estimates from the procedures presented in Fox and Taqqu {1986)
and Geweke and Porter-Hudak (GPH) (1982). A collection of various univariate
models were considered because GPH's and Fox and Taqqu's procedures are only
appropriate for univariate models. For each model considered, 100 samples of
T observations were simulated. The differencing parameter of each simulated
sample was estimated by exact maximum likelihood, the Fox & Tagqu procedure
and the GPH procedure. The GPH procedure only estimates the d parameters
while, both maximum likelihood and the Fox & Tagqu procedures estimated all
the parameters of the model. The correct values of p and g wWere assumed

known, Reported in Table 1 are the averages of the estimates of the
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fractional differencing parameters for the 100 simulations. Also reported is
the average time taken to perform the estimations.
% % % TNSERT TABLE 1 HERE * * *
For the GPH procedure a was set equal to 1/2. The likelihood function
and the negative of the objective function in Fox and Taqqu were maximized
using the DFP procedure in GQOPT. For all the models the start values of the

parameters were

d = .01
o = 1.0
-
¢1 = .1
¢2 = .05
J, ifp=20
a8 =

.09, otherwise
8, = .05
411 computations were performed in VAX FORTRAN on a VAX workstation 3200.

For models with p=q=0 all three procedures perform equally well in terms
of bias. The most striking feature is the standard deviation of the GPH
estimates are three to four times larger than for the maximum likelihood
estimates. In general, the bias for the means of the maximum likelihood
estimates are smaller than all the Fox & Taqqu means and all but one of the
GPH means. As the number of parameters increases and/or as the roots of the
AR and MA polynomials approach the unit circle the number of observations
needed to apply asymptotics may increase dramatically. For the model

(1-L)‘252t = {1-.5L-.36L2)=t, all the estimation procedures give biased
estimates in sample even with T=500. The smallest bias was associated with

the maximum likelihood estimates for all the sample sizes.



MAXIMUM FOX & TAQQU GPH
MODEL T

1 d | time d | time d | time

(1-L) 42 =& 100 | -.409 4.67 -438 1.20 -394 | 18
(.092) (.098) (.317)

Ze = €, 100 | -.008 4.25 -.046 1.22 -026 | .19
(.075) (.093) (.266}

(1-L)y*z =« 100 | .385 4.61 369 1.14 500 | .19
(.060) (.089) (.285)

(14 .7L)(1 = L)%z = ¢ 100 | .182 9.32 135 1.51 158 | 16
(.104) {.117) (.316)

(1— 8L)(1-L)%2 =& 200 | .289 4379 375 5.01 627 40
{(117) {.234) (.242)

(1 —L)= ¥z, = (1 + 6L)e. 200 | -.252 | 33.03 -.278 5.70 -272 | 48
- (.068) ' (.07) (.258)

(1+ 6L+ 09L%)z, = ¢, 200 | -.022 | 55.31 -.097 6.97 -.012 | .48
(.133) (.229) (.240)

(1—1.0L + .16L%){1 = L)~ %z, = ¢ | 200 | -404 | 73.38 -.841 12.14 -.044 | 40
(.366) (413) (.224)

(1 - BL)}(1 — L)%z, =(1— .3L)e, | 300 | -.270 | 117.40 | -.525 13.03 =121 | .70
(.263) (.367) (.201)

(1 —LY*®z, = (1 - 5L —.36L%)¢, | 100 | -.220 | 15.06 - 608 3.68 - 426 17
(.397) {.235) {315

(1-L)%z ={1-.5L—.36L%)¢ |200] -076 | 49.13 -.388 7.53 -300 | 40
(.324) (.247) (.221)

(1 = L)%z, = (1 - 5L — .36L%)¢, | 300 | 016 | 112.08 | -.273 13.54 -.201 T2
(.295) {.244) (.162)

(1 — L)%z, = (1 — 5L - .36L%)e, | 400 | 080 | 374.33 | -207 | 25.58 S159 | 11
(.265) {.275) (173

(1-LY®z =(1— .5L - .36L%)¢ | 500 | .12 | 1110.03 § -.082 | 30.99 -086 | 133
(.202) (.267) {.181)

Table 1: Averge of estimated fractional differencing parameters and average time for the es-
timation in seconds for 100 simulations. Standard deviations reported in parenthesis. In the

simulations ¢, ~ [TDN(C, 1).
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vII. SUMMARY AND EXTENSIONS

This has been a presentation of the unconditional Gaussian likelihood
function for a fractionally integrated stationary vector time series model.
With the likelihoed function, it is now possible to obtain maximum likelihood
estimates. This task is made easier by several recursive procedures which
allow speedy evaluation of the autocovariances and inversion of the covariance
mabrix.

A related method of dealing with fractionally integrated time series
would be to use a Bayesian approach. This has been advoecated by Carlin et al
(1687). Given a prior distribution on the parameters of the model and the
likelihood function derived in this paper it would be straightforward to
evaluate posterior densities,

An immediate application of the estimation procedure presented is a new
unit root test. Consider estimating a fractional ARIMA{(p,d,q)} model for a
time series. If é is near 1/2 (within two asymptotie standard errors) or if
a root of the AR polynomial is near 1 then first difference the series and
again estimate the best ARIMA{p,d,q) model. This appreoach to unit root
testing has a distinct advantage because it explicitly accounts for nuisance
parameters in the model. Nuisance parameters, particularly MA parameters have

been a problem for some unit root test as noted in Schwert (1987(a), 1987(b)).
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APPENDIX 1
JUSTIFICATION OF INTERCHANGE OF INTEGRALS

This is a demonstration of the integrability of

f z pn(1_e—n)—w(1_eix)-veik(h+n)dk

to allow interchanging the summation and the integral. The parameters satisfy

the restrictions: w and v are on the open interval (-1/2,1/2) and |p|<1.

21 o . . .
Il Z Ion(1-e'1l)_u(1-ell)'vell(h+n)| dx
0 n=0

because |e15|=1

2n = i\ Y
Py TelMO=-e "M -e )™ an
0 n=0

[Fa

2T . .
1 j‘ I(.I-e—ll)-w(.‘-el)c)-vl da.
'I—’pl 0

The integrand has poles at 0 and 2w, At both poles the

behaves like ™' " near zero, which is integrable for v + w < 1,

integrand
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APPENDIX Il

EVALUATION OF THE FUNDAMENTAL INTEGRAL

This is the evaluation of the integral

en . . ;
[T e e
2n
0
ot a2 2T W=V _i{2h+ew-v)r/2
.2 . [ [sin{r/2)] e dx

b

0

i{g+3n)/2

because (1-e'%) = 2sin(£/2)e = 2sin(e/2)el(E-T)/2

] SW=Y

. ™
eln(v-w)/2 f [
0O

- sin(z)]-w-vei(2h+w-v)zdz

See Erdelyi et al. (1953) p.12 (1.5.29)

Cr(1-wew) ()P
T r{1-w-h)r{1-v+h)




